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A b s t r a c t
The M ultispecies coalescent model (MSC) is increasingly used in phylogenetics to  describe the  form ation of 
gene trees (depicting the direct ancestral relationships of sam pled lineages) w ithin species trees (depicting the 
branching of species from their common ancestor). A num ber of MSC sim ulators have been im plem ented, and 
these are often used to  test inference m ethods built on the  model. However, it is not clear from the lite ra tu re  
th a t these sim ulators are always adequately tested. In th is project, we form ulated tools for testing  these 
sim ulators and use them  to  show th a t of four well-known coalescent sim ulators, M esquite, Hybrid-Lam bda, 
SimPhy, and Phybase, only Sim Phy perform s correctly according to  these tests.
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(Left) A species tree relating hum an (h), chim p (c), and gorilla(g) w ith Newick notation  
( (h,c) ,g) .  (Right) A m etric species tree version of the  tree on the left w ith Newick no tation  
((h:1000, c:1500):2000, g:4000).
The species tree ((h :1000#1000,c:1500#1000):2000#1000,g:4000#2000)#3000, w ith length of 
edges in generations and population  sizes in individuals.
(Left) A gene tree ((H, G),  C ) w ithin the species tree ((h, c),g).  In th is case one lineage was sam pled 
from each species bu t the  species tree and the gene tree differ topologically. (Right) A m etric gene 
tree w ith the  same topology as the gene tree in the left.
(Left) A single population w ith 3 lineages sampled. Each horizontal line of dots represent a 
generation, and each dot represent an individual. (Right) The gene tree observed from the 
coalescent process on the right.
A species tree S  containing population  b (shaded in gray), where 3 lineages enter b and 2 leave it. 
In th is population, is the tim e from entering population  b to  the coalescent event th a t reduces 
the num ber of lineages from 3 to  2.
The species tree ( ( a : x , b : y ) : z # N , x : w ) # M .
A species tree w ith root r , and where the m ost recent common ancestor of a and b is labeled by k. 
The p a th  P  is composed of the  edges e 1, e2, e3, and e4. Each of these edges has length Si, S2, S3, 
and S4 respectively.
A m etric species tree (((a:x,b:x):y,c):z,d),  where the in ternal branches have population size 
functions N 2(t), N i( t) , and Nr (t).
The plot of the  probability  density  function of d (a, b) in the tree shown in Figure 8 .
(Left) A species tree S  w ith  population sizes N 1, N 2 and N r . (Right) The trip le t induced by a, b 
and w  of the  species tree on the  left.
The species trees S 1, S2, S3, and S4 used to  test m ultispecies coalescent sim ulators.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 1 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by M esquite.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 2 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
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The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S3 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by M esquite.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by M esquite.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by M esquite.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by H ybrid L am bda.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 2 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by H ybrid-Lam bda.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S3 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by H ybrid-Lam bda.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by H ybrid-Lam bda.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by H ybrid-Lam bda.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 4 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by Sim Phy.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S 2 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by Sim Phy.
The pairwise distance probability  d istribu tion  of lineages sam pled from different species from S3 
together w ith the histogram  obtained from the distances of these lineages from the gene trees 
sim ulated by Sim Phy.
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h c g  h e g
F ig u r e  1. (Left) A species tree relating hum an (h), chimp (c), and gorilla(g) w ith Newick 
no ta tion  ((h, c), g). (Right) A m etric species tree version of the tree on the left w ith Newick 
no ta tion  ((h:1000, c:1500):2000, g:4000).
1. I n tr o d u c tio n
An im portan t goal of phylogenetics is to  infer evolutionary relationships between species. One of the m ain 
tools used to  depict such relationships is a species tree. A species tree S  is a branching diagram  composed of 
“tubes” , often called edges, representing populations. These tubes are m erged together to  depict speciation 
events. Figure 1 depicts a species tree, where the  leaves (the bo ttom  of the populations labelled as h, c, and 
g) represent the  species to  be related, and the  rest of the  populations represent ancestors of the leaves. The 
root (the population  on the top  of the diagram ) is the m ost recent common ancestor of all the  species th a t 
are being related. O ften species trees are denoted using Newick notation. For example, the  tree shown on 
the left of Figure 1 has Newick no tation  ((h, c),g),  see [AR05] for more details on Newick notation .
Phylogenetics not only studies how species are related, bu t also how d istan t these relationships are. We can 
assign to  any tree S  a function t  : E ( S ) ^  [0, to ), where E( S)  is the set of edges (i.e populations) on S, 
th a t encodes the num ber of generations in a population. This provides a sense of edge length, or how much 
tim e, in num ber of generations, has passed between speciation events. We refer to  the  pair (S, t ) as a metric 
species tree. We can extend the Newick no tation  to  include th is m etric inform ation. For example, the  m etric 
Newick no tation  of the  tree on the right of Figure 1 is ((h:1500, c:1000):2000, g:4000).
For any m etric species tree (S, t ), one can also assign to  each population e a function N e(t) : [0, t(e ) )  ^  R > 0, 
where t ( e )  is the  edge length of e. The function N e(t) represents the population  size in edge e a t tim e t, 
where tim e is m easured in num ber of generations backwards in real tim e (towards the top  of the diagram ). 
One also assigns a population  function N r (t) : R >0 ^  R >0 to  the root of the  tree, representing the size of 
the  population  a t the root and above it a t tim e t, where tim e is also m easured in num ber of generations.
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h c g
F ig u r e  2. The species tree ((h:1000#1000, c:1500#1000):2000#1000, g:4000#2000)#3000, 
w ith length of edges in generations and population sizes in individuals.
For technical reasons N e(t) m ust be bounded above ( Ne(t) <  B  for all e G E( S)  and some B  <  to ), and 
1 / Ne(t) m ust be integrable over finite intervals.
If in a given tree these population  size functions on edges are constant, one can extend the m etric Newick no­
ta tio n  to  include the population size by adding a pound sign ( # )  to  the respective edge. For example,
(1) ((h :1500#1000,c:1000#1000):2000#1000,g:4000#2000)#3000
corresponds to  the species tree on the right of Figure 1 where the population  size above the  root is 3000 and 
all edges have population size of 1000 except the edge from the root to  g which has a population of 2000 
individuals. Note th a t we can depict a species tree using the length of a tu b e  to  represents to  the num ber 
of generations, and the w idth  to  represent population  size. Figure 2 depicts the tree in (1) not draw n to 
scale.
There are different ways to  infer m etric species trees. Before DNA sequencing was available, biologists used 
morphological d a ta  to  determ ine species trees. One problem  w ith th is approach is convergent evolution, a 
process where organism s not necessarily closely related  evolve sim ilar tra its  as a result of adaption in sim ilar 
environm ents (see for exam ple [Ree+10]). Convergent evolution is less likely to  affect inference m ethods 
th a t use genomic data , so generally m ethods based on DNA or protein  sequences are now preferred; see for 
example [SLA16; CKC07; DS05]. One common approach for inference m ethods is to  first construct gene 
trees, which are trees showing the relation between genes of different species using DNA to  trace ancestry, 
and then  use gene trees to  infer species trees. A gene tree, denoted by (G, t), is often depicted using a 
m etric tree diagram , where G contains the “topological” inform ation (the shape of the  tree) and t  the  m etric 
inform ation of G. These trees are draw n using lines, which represent direct paren tal ancestry  of the  sam pled 
genes. In the right of Figure 3 we see a m etric gene tree relating genes H , G and C .
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F ig u r e  3. (Left) A gene tree ( ( H , G ) , C ) w ithin the species tree ((h,c) ,g) .  In th is case 
one lineage was sam pled from each species bu t the species tree and the gene tree differ 
topologically. (Right) A m etric gene tree w ith the same topology as the gene tree in the 
left.
A challenge for inference m ethods arises from the fact th a t m any d a ta  sets involving different species exhibit 
gene tree incongruence: some gene trees relate tax a  differently. A possible reason for th is is incomplete 
lineage sorting (ILS) [CKC07; Pol+06; Syr+05]. ILS occurs when a lineage divides, w ithin a population, 
into two new lineages in a way th a t the resulting lineage ancestry does not depict the  same sto ry  as the  
species tree. Figure 3 depicts ILS, where the  species tree in the left has a gene tree inside showing the 
ancestry of the  gene sam pled from different species. This gene tree has the  same topology as the  tree in 
the  right of Figure 3 where it is draw n w ithout self-intersections. For instance, it is estim ated  th a t the  gene 
trees depicting the same story  as the species tree of hum an, chimp and gorilla ((h,c) ,g)  are roughly 78%; 
around 11% depict the same story  as the  tree ( (h,g) ,c)  and around 11% depict ((c,g) ,h)  [Ebe+07]. ILS is 
modeled by the m ultispecies coalescent model (MSC) [PN88], which we describe in Section 2 . See [Wak08] 
for a survey of references on the  MSC.
Software has been developed to  sim ulate the m ultispecies coalescent process on a species tree. M ultispecies 
coalescent sim ulators will generate a set of m etric gene trees when a m etric species tree w ith population 
size functions are given as inpu t (usually sim ulators will only allow constant population functions). These 
sim ulators aid researchers testing  the ir inference m ethods in the presence of ILS; thus it is im portan t for 
these sim ulators to  be accurate. W hile these sim ulators are usually tested , no thorough testing  procedure 
guarantees the ir accuracy. Here we introduce a m ethod  of testing  coalescent sim ulators using the exact 
probability  density  function of the  distance between two lineages, each sam pled from two different species, 
to  see if it m atches the pairwise distance between these lineages obtained by the sim ulated m etric gene trees. 
We then  apply the m ethod to  four coalescent sim ulators.
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2. B ack g ro u n d
2.1. T h e  C o a le sc e n t M o d e l: S in g le  p o p u la t io n .  Coalescent theory  models the form ation of gene trees 
w ithin populations of species. The coalescent model for a single population  traces (backwards in tim e) the 
ancestries of a finite set of individual copies of a gene as the  lineages coalesce to  form ancestral lineages. 
Figure 4 depicts the form ation of a gene tree in a single population  where 3 lineages were sampled. On the left 
of this figure each horizontal line of dots represents a generation, and each dot represents an individual. We 
see how each lineage traced  backwards in tim e from an individual to  an individual in a previous generation 
until the  first coalescent event occurs a t the  5 th  generation. The second coalescent event occurs a t the  8th  
generation. On the right of Figure 4 we see the gene tree th a t was obtained from th is process. This depiction 
of the coalescent is actually  a discretization of the coalescent model known as the W right-Fisher model, w ith 
the coalescent model using continuous notions of bo th  tim e and population sizes.
The coalescent process of lineages is independent of which lineages are present at any specific tim e — th is is 
known as the exchangeability property of the  coalescent model. In the  coalescent model, the instantaneous 
ra te  of coalescence for any two lineages present in a population  b w ith  population size N  is given by 1 /N . 
Let p ( tk) be the  probability  th a t no two lineages out of k lineages present have coalesced by tim e t k in 
population  b. There are Q) possible pairs of lineages and the coalescence of any pair is independent, so the 
model tells us [AR05]:
) =  _  ( k \  p(tk)  =  k(k -  1)p (tfc)
p  ( k )  V2 )  Nb(tk) 2N b(tk ) ’
where N b(t) is the  size of population  b a t tim e t.
Thus
(2) p(tk) =  exp ( -  L  dt) '
Therefore, given k gene lineages in a population  b, the  probability  density  of the  tim e tk until a pair of genes 
coalesce is given by
(3> f (tk> =  d t (1 -  p ( tk >> =  ( - L  ‘ i m r d t)  =  ( 2 )  N b k i exp ( - ( 2 )  L k N T s )d t)  ■
The instantaneous ra te  a t which coalescent events occur is given by (Q ) / N b(tk) ) - 1 . Note th a t whenever 
N b(tk) =  N  is constant, f  ( tk) is the probability  density of an exponential d istribu tion  w ith ra te  N / f y . Note 
also th a t by the exchangeability property  of the coalescent model, this derivation can be in terpreted  as a 
sum  of independent Poisson processes.
W hen a coalescent event occurs, a new process begins bu t w ith one fewer lineage. Every process is only 
conditioned on the  num ber of lineages present. T h a t is, given a coalescent event between two out of k 
lineages, the  probability  density of the  tim e t k-1 until the  next pair of lineages coalesce is given by equation
(2) after replacing all the  occurrences of k w ith  k — 1. See [Wak08] for further detail.
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F ig u r e  4. (Left) A single population w ith 3 lineages sampled. Each horizontal line of dots 
represent a generation, and each dot represent an individual. (Right) The gene tree observed 
from the coalescent process on the right.
S3
a b e
F ig u r e  5. A species tree S  containing population  b (shaded in gray), where 3 lineages 
enter b and 2 leave it. In th is population, t |  is the tim e from entering population b to  the 
coalescent event th a t reduces the num ber of lineages from 3 to  2.
2.2. T h e  M u ltis p e c ie s  C o a le s c e n t M o d e l (M S C ): M u lt ip le  p o p u la t io n s .  The multi-species coales­
cent model (MSC) is a generalization of the coalescent model, form ulated by applying it to  m ultiple popula­
tions connected to  form a rooted species tree. As m entioned in the  in troduction, the  MSC is commonly used 
to  obtain  the probabilities of gene trees in the  presence of ILS. Now we briefly explain how to  do so. Let b, 
be a population  of length Tb e  (0, to ). Following Chifm an and K ubatko [CK15] (who followed [RY03]), let 
u denote the  num ber of lineages entering b and let v be the  num ber of lineages leaving it. T hen there  are 
u — v coalescent events. For example, in Figure 5, there are 3 lineages entering population  b (the population 
shaded in gray) and 2 leaving it, so u =  3 and v =  2. W hen there are j  lineages present a t a certain  point
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in tim e, by the exchangeability property  of the coalescent model, any of the  j )  pairs is equally likely to  
coalesce. Therefore the  density  for a coalescent event has to  be weighted by j )  1, the  probability  of a 
particu lar pair coalescing. Let t \  denote the  tim e from the m ost recent speciation event th a t involves b to  
the coalescent event th a t reduces the  num ber of lineages in th is branch from k to  k — 1. Figure 5 shows an 
example, where in population  b we depict the  tim e t3, which is the tim e from entering population  b to  the 
coalescent event th a t reduces the num ber of lineages from 3 to  2. B y defining t^ +1 =  0, we can w rite the
jo in t density of coalescent tim es t bU, t bU—1, . . . , tbv+ 1 w ithin population b as
(4) / 6( tu ,tu _ 1 ,... ,tv + 1 ) =  n
j=v+1 e x p ' -  2 )  Q , n ®  ■*2Nb(t) y  \2 J  J tb+i N b(t)
w ith tb € (0, to). The probability  th a t there are no coalescent events in b, i.e, u =  v, is
(5) P (n o  coalescent among u lineages in population b) =  exp ( — ( o ) f  dt
V W  J0 N b(t)
which follows from equation (2 ). Equations (4) and (5) describe the  coalescent process w ithin a population. 
W hen the num ber of lineages entering and leaving a population on a species tree are specified, the  coalescent 
processes w ithin different populations are conditionally independent. Therefore the probability  density for 
(G, t) on a species tree (S, t ) is given by
n— 1
(6) f  ( (G, t ) \ (S, T)) =  n  fe(tUe ,tUe —1, - , t S e + 1)
e=1
where the index e is over edges in ( S , t ), u e is the  num ber of lineages entering population e, and ve is the 
num ber of lineages leaving it. A more detailed exposition of th is can be found in [Wak08], and [RY03], or in 
[CK15] for fixed population size.
All these formulas have been derived for haploid organisms, this is, organism s w ith one copy of each gene in 
their genome. For diploid organisms, which have two copies of each gene in the ir genome, we merely need 
to  replace all the  occurrences of N (t) in the  formulas w ith 2N (t) .
One can see how testing sim ulators is difficult, given the com plicated density  and the  fact th a t any m etric 
gene tree th a t can be em bedded in the  species tree has positive density.
3. M eth o d s
In th is section we present the  m ethods for the  two tests developed.
3.1. P a irw is e  d is ta n c e  p r o b a b i l i ty  d e n s i ty .  To obtain  the pairwise distance probability  density between 
two taxa, we first need the density  function of the tim e to  coalescence of two tax a  w ithin a single population. 
This is shown in [ALR18].
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.........................   b
F ig u r e  6 . T he species tree  ( (a :x ,b :y ) :z # N ,x :w )# M .
L e m m a  1 ( [ALR18]). Suppose two lineages enter a population at t  =  0 with size function  N  (t), 0 <  t <  ^ .  
Then the tim e to coalescence has probability density
c(t) =  c (N ; t) =  l( t)  e x p (-L ( t) )
where l( t)  =  1/N ( t)  is the inverse population size and L (t) =  1( t ) d r  its integral.
Observe th a t when k =  2 th is lem m a follows from equation (3).
On a gene tree, the distance between two lineages A and B  (usually denoted by d (A ,B )) is the sum  of num ber 
of generations from the present to  when lineages A and B  enter th e  sam e population  on th e  species tree  plus 
twice th e  tim e to  coalesce. Using Lem m a 1 we can com pute th e  pairwise taxon distance distribution. T h a t is, 
given two lineages A and B , the  pairwise d istance is th e  sum  of the num ber of generations where A and B  are 
in different populations (since there cannot be a coalescent event) plus twice th e  tim e to  coalescence of such 
lineages (provided they  are in th e  sam e population). We show th a t th is enables us to  find th e  probability  
density of d (A ,B ) w ith an exam ple before working in a more general setting.
E x a m p le  1 Consider a species tree S  =  ( (a :x ,b :y ) :z # N ,c :w )# M , as depicted in F igure 6 . We do not 
specify populations on the pendant edges (edges incident to  th e  leaves) since we will only sam ple one lineage 
from each species and thus there  is no coalescent event in such populations. We sam ple lineage A from 
species a, B  from species b, and C  from species c. We first com pute th e  d istribu tion  of the pairwise distance 
of lineages A and C . Observe th a t these lineages cannot coalesce below th e  root since they are in different 
populations until then. T he distance d(A, C ) is x +  z +  w  +  e, where e =  2X  w ith X  ^  E x p (1 /M ). Note 
th a t x +  z is th e  num ber of generations from the root to  a, w is the num ber of generations from th e  root to 
c, and X  has th e  sam e probability  density function of a 2-lineage coalescent process in a single population 
w ith population  size M , obtained using Lem m a 1. Thus th e  probability  density function for l  =  d (A ,C )
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(0 if t  <  x +  z +  w,2M exP ( - £ X-m  if x +  z +  w <  t.
Analogously, we can com pute the probability  density function for t  =  d(B , C ), as given by the same formula 
after substitu ting  y for x. The last density, th a t of t  =  d(A, B ), differs from previous ones and is given by a 
piecewise formula. Each piece where the density is non-zero corresponds to  a population where it is possible 
th a t A and B  can coalesce. In the  population im m ediately above a and b, where the population  size is N , 
t  =  x +  y +  2e, where e is draw n from a trunca ted  E x p (1 /N ). Alternatively, there could be no coalescent 
event in th is edge (which, by equation (5), occurs w ith probability  e x p ( - N )) and the lineages will coalesce 
in the  population above the root where the population size is M . In the la tte r case t  =  x +  y +  2z +  2e, where 
e is draw n from an exponential d istribu tion  w ith param eter 1 /M  down-weighted by e x p ( -  N ) to  reflect the  
conditioning on no earlier coalescence. Thus the probability  density function for t  is given by:
0 if t  <  x +  y,
f  (t) =  * 2 v exp ( - if x +  y <  t < x  +  y +  2z,
, e x p ( - N ) 2m exp ( - x2~M~2z)  if x +  y +  z +  2z <  t.
In th is case th is density has 3 pieces, one piece, where the density  is 0, corresponds to  the  populations in 
which these lineages are separated, and the  o ther two pieces correspond to  the two different populations 
these lineages can traceback together.
In the general case, let (S, t ) be a m etric species tree where each edge has been assigned a population size 
function, and let a, b be two species in S. Let A be a lineage sam pled from a and B  be a lineage sam pled 
from b. Let c(t) be the probability  density function of the  tim e to  coalescence of A and B, as described in 
Lem m a 1. Let k be the most recent common ancestor of a and b ( th a t is the node in S  where a and b are 
in the same population  for the  first tim e), and let P  be the p a th  in S  from r , the root of S, to  k (since 
S  is a tree, P  is uniquely determ ined [AR05]). Let p  be the num ber of edges in P  and let e i, e2, ..., ep be 
the  edges of P , where r  is incident to  e i and k is incident to  ep, and let Si be the length of the branch e*. 
Figure 7 shows an example of a species tree which for species a and b has p  =  4. Let N*(t) be a population 
size function associated w ith e* and let N r (t) be the population size function th a t occurs above the  root. 
Finally, let ga and be the num ber of generations from k to  a and b respectively. Then a distance d(A, B) 
is ga +  gb +  e, where e =  2X  and X  has probability  density  function c(t). Then the probability  density  for
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F ig u r e  7. A species tree  w ith root r, and where th e  most recent common ancestor of a 
and b is labeled by k. T he p a th  P  is composed of the  edges e i, 62, 63, and 64. Each of these 
edges has length 5i, 62 , £3, and 64 respectively.
’ =  d(a, b) is given by:
t
0
;exp  ( -1 1 -dt2Np(E/2) F y Jga+gh Np(t)
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^ <  ga +  gb,
ga +  gb <  ^ <  ga +  gb +  2^p,
ga +  gb +  2bp <  I < ga +  gb +  2bp +  2bp- 1,
ga +  gb +  2^p +  2^p- 1 <  I < ga +  gb +  2^p +  2^p- 1 +  2bp -2;
ga +  gb +  2^p +  • • • +  2^2 <  ^ <  ga +  gb +  2^p +  • • • +  2^ 1 ,






ga + gh+^f=i + i 5; N i( t)
dt
for j  <  p, — =  exp ^— /g?a+g?bb+5p n*(t) d t^ , and N j(7 ) has the sam e range as N j(t)  bu t th e  dom ain is shifted 
and scaled accordingly to  each piece of f  (7). For example, N 7(7/2) =  Np f £~ 9̂<2+9b̂ .
Recall th a t a probability  density function g(x; 0) belongs to  the  one param eter exponential family if and 
only if
g(x; 0) =  a (0)h(x) exp{b(0)R (x))},
1




a b e d
F ig u r e  8 . A m etric species tree (((a:x,b:x):y,c):z,d),  where the in ternal branches have 
population size functions N 2(t), N 1(t), and N r (t).
where a(6), h(x),  b(6), and R(x)  are known functions. Let Li (t) be the antiderivative of ^ (t)  =  1 /2N i*(t) 
and let 0 be the lower bound of the  dom ain of N*(£); th a t is 0 =  ga +  gb +  J2p=j+i 25j . T hen each piece 
of f  (£) is a tru n ca ted  element of the exponential family weighted by the probability  of no coalescence until 
lineages arrive to  certain  population  (determ ined by the dom ain of the N*(t)) ,  where
a(0) =  exp{L i (0)}, 
h(£) =  1/2N*(£),  
b(0) =  1,
R(£) =  -Li (£) .
In particu lar note th a t when N*(t )  is constant, the  piece of f  (£) w ith the corresponding dom ain is a scaled, 
trunca ted  exponential d istribu tion  (as shown in Exam ple 1). W hen N i*(£) =  (c£)-p  for some c,p >  0, the 
corresponding piece of f  (£) is a scaled, trunca ted  Weibull distribution . For general N i*(£), the  corresponding 
piece of f  (£) does not fall into any well-known family.
We developed a function in R [R C13] called p a i r w i s e d i s t . r  th a t com putes f  (£). This function takes as 
inpu t a species tree topology S , edge lengths A : E ( S ) ^  M>o, a population  function for each edge and the 
root (already in the  form N*(£)), and two species of S . The o u tp u t of this function is the probability  density 
of the distance of two lineages sam pled for the  species. For example, let S  be the species tree shown on Figure 
8, where x , y , z  =  1000, N r* =  |  +  1000, N 2 =  2t +  1000, and N | =  2000. Then p a i r w i s e d i s t . r  produces 
the values depicted in Figure 9 . The function is 0 between 0 and 2000 because the populations where these 
lineages are ap art have 1000 generations each. The discontinuities of the density function correspond to  the  
changes in population  sizes.
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Density of d(a,b)
0 5000 10000 15000
generations
F ig u r e  9. T he plot of th e  probability  density function of d(a, b) in th e  tree shown in F igure 8.
a x y b z w a b w
F ig u r e  10. (Left) A species tree S  w ith population  sizes N 1, N 2 and N r . (Right) The 
trip le t induced by a, b and w of the  species tree  on the left.
3.2. G e n e  t r e e  to p o lo g y  c o u n ts . Let (S ,t ) be a m etric species tree  and let a, b, and c be species of
S . T he triplet induced by a , b, and c, denoted by S abc, is th e  tree  obtained after removing all populations 
( “tub es” ) where neither of a , b, nor c can traceback. In a species tree  w ith n  species there  are (3) triplets. 
In  each trip le t we refer to  th e  population th a t is above only two species as the in ternal branch. F igure 10 
shows an exam ple of a species tree S  and its induced trip le t Sa^w. In th is exam ple the in ternal branch of 
Sabw is above species a and b, its branch length is bi +  #2, and its population  size function is given by
| N 2 if t < # 2,
N (t) =  I
I N 1 if #2 <  t <  bi.
T here are th ree possible gene tree  topologies involving lineages A, B  and W . These are
( (A ,B ) ,W ), ((A, W ), B ), ((B , W ), A).
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Using the techniques in [PN88], one can show th a t
(7) 1 —3 exp ( — ( N + N ) )  ■ 3 exp ( — ( N + N ) )  • a n d 3 exp ( — ( N + N i
are the probabilities of observing these gene tree topologies respectively. Observe th a t the probability  of 
the gene trees th a t do not m atch the  species tree are equal. This is in fact true  for any induced trip le t of 
an a rb itra ry  species tree. The in ternal branch has length j 2- +  in coalescent units, which are the units 
obtained by scaling tim e in num ber of generations inversely by population  size. The probability  of each gene 
tree topology only depends on the length in coalescent units of the in ternal branch. In an induced trip let, 
the  population  size and edge length of the  in ternal branch are not identifiable individually bu t the  coalescent 
un its are. This is relevant for us since we can provide an estim ate in the  coalescent un its of the  length on 
the species tree of an in ternal branch for any induced trip le t, as we do in the results section.
4. R esults
4.1. P a irw is e  d is ta n c e  t e s t .  We used p a i r w i s e d i s t . r  to  test four well-known m ultispecies coalescent 
sim ulators: M esquite [MM18], Sim Phy [MDOMP16], H ybrid-Lam bda [Zhu+15], and Phybase [LY10]. One 
would expect th a t for a sufficiently large sample size (100,000 gene trees) the histogram  of the distance of 
two fixed lineages will approxim ate the probability  density  of the distance of such lineages quite closely. For 
all sim ulators we tested  four m etric species trees
5 1  =  ( ( a : 1 0 0 0 , 6 : 1 0 0 0 ) : 1 0 0 0 # 2 0 0 0 , c : 2 0 0 0 ) # 1 0 0 0 ,
5 2 =  ( ( ( a : 1 0 0 0 ,  b : 1 0 0 0 ) : 1 0 0 0 # 1 0 0 0 ,  c : 2 0 0 0 ) : 1 0 0 0 # 1 0 0 0 ,  d : 3 0 0 0 ) # 1 0 0 0 ,
5 3  =  ( ( ( a : 1 0 0 0 , 6 : 1 0 0 0 ) : 1 0 0 0 # 2 0 0 0 , c : 2 0 0 0 ) : 1 0 0 0 # 3 0 0 0 , d : 3 0 0 0 ) # 1 0 0 0 ,  a n d
5 4  =  ( ( ( ( ( ( a : 1 0 0 0 ,  b : 1 0 0 0 ) : 1 0 0 0 # 1 0 0 0 ,  c : 2 0 0 0 ) : 1 0 0 0 # 3 0 0 0 ,  d : 3 0 0 0 ) : 1 0 0 0 # 2 0 0 0 ,  e : 4 0 0 0 ) : 1 0 0 0 # 1 0 0 0 ) , f  : 5 0 0 0 ) # 2 0 0 0 ,  
as depicted in Figure 11.
Note th a t in each of S 1, S2, S3, and S4 the  num ber of generations from the root to  each of the species (leaves) 
is the same. A tree th a t satisfies th is p roperty  is known as an ultrametric tree. These sim ulations can be 
easily extended to  non-ultram etric  trees bu t we leave this for further work. All the  trees considered here are 
elem ents of the family of the  caterpillar trees [AR05]. The sim ulators to  be tested  here only adm it constant 
population  size in each edge, and the caterpillar trees allow us to  have more changes in population  size for 
pairs of species th an  any other tree w ith the same num ber of taxa. For example, the  tree ((a, b), (c,d)) 
adm its at m ost two changes in population  for any pair of species whereas (((a, b),c),  d) adm its three changes 
of population size for species a and b.
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F ig u r e  11. T he species trees S i, S2, S3, and S4 used to  test multispecies coalescent sim ulators.
4.1.1. Mesquite. Q uoting th e  authors of M esquite1 [MM18]:
Mesquite is modular, extendible software for evolutionary biology, designed to help biolo­
gists organize and analyze comparative data about organisms. Its emphasis is on phyloge­
netic analysis, but some of its modules concern population genetics, while others do non- 
phylogenetic multivariate analysis.
Mesquite's features for handling gene trees within populations and species trees are rel­
evant for population genetics, phylogeography, and study of gene families. They can also be 
used by analogy for host-parasite or other studies of associated taxa.
For species trees Si, i E {1, 2, 3, 4}, we sim ulated w ith M esquite (version 3.5) the coalescent process w ith 
one lineage sam pled from each species. Using th e  sim ulated gene trees we created  for each tree, histogram s 
obtained from th e  pairwise distances of th e  lineages. We also com puted th e  exact pairwise distance proba­
bility d istribu tion  obtained from p a i r w i s e d i s t . r  and overlaid it on the histogram s. Figures 12, 13, and 14 
show results for S i, S 2, and S 3 respectively. For S4 we split these histogram s in Figures 15 and 16.
1h ttp s : / /w w w .m e s q u i te p ro je c t.o rg /
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F ig u r e  12. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S i together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by M esquite.
In Figure 12 we observe th a t for the  histogram  of d(a, b) in S i, M esquite exhibit problem s w ith its sim ulations 
right when the  population size changes. At th is point, according to  M esquite, lineages are likely to  coalesce 
rapidly followed by a decay steeper th an  the theoretical one. A fter this, the  probability  of coalescence 
increases again and leads to  a exponential decay sim ilar to  th a t predicted by theory. The histogram  of 
d(a, c) fits the  theoretical distribution , although we can see th a t around 6000 generations the histogram  
does not m atch the actual d istribu tion  closely. By the exchangeability property  of the  coalescent model the 
histogram s of d(a, c) and d(b, c) should m atch closely, bu t they  do not. Given the large num ber of samples 
we conjecture M esquite does not behave correctly for th is species tree.
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F ig u r e  13. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S 2 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by M esquite.
In Figure 13, which displays the theoretical and sim ulated density for S 2, a tree w ith constant population size 
th roughout the  tree, we do not see a m atch in theoretical and sim ulated empirical distributions in d(a,b),  
d(a,c),  and d(b,c),  which should reflect an exponential decay. For the  rem aining pairwise distances the 
histogram s m atch the theoretical d istribution . Note these distances are the  ones w ith only one population 
on the species tree relevant to  the  behavior.
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F ig u r e  14. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S3 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by M esquite.
Turning to  Figure 14, the densities for S3, we do not observe proper behavior in the histogram s involving 
change of population  size, and the rem aining histogram s behave alm ost as expected. In Figure 15 and 16, 
which follow, the  theoretical and sim ulated densities of S4 the results are similar.
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F i g u r e  1 5 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
l i n e a g e s  f r o m  t h e  g e n e  t r e e s  s i m u l a t e d  b y  M e s q u i t e .
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F ig u r e  16. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S4 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by M esquite.
We conclude th a t M esquite sim ulations do not m atch the pairwise distributions independently  of changes in 
the population  size, or num ber of species. Any histogram  which depends on more th an  1 population  of the 
species tree fails to  m atch the theoretical d istribution.
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4.1.2. Hybrid-Lambda. Q uoting the  authors of H ybrid-Lam bda [Zhu+15]:
Hybrid-Lambda is a software package that simulates gene genealogies under multiple merger 
and Kingmans coalescent processes within species networks or species trees. Hybrid-Lambda 
allows different coalescent processes to be specified for different populations, and allows for  
time to be converted between generations and coalescent units, by specifying a population 
size for each population.
The tests of H ybrid-Lam bda (0.6.1-beta (dev)) are analogous to  those conduct w ith M esquite. Figures 17, 
18, and 19 show histogram s for S i, S2, and S3 respectively. For S4 we split these histogram s in Figures 20 
and 21.
F ig u r e  17. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S i together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by H ybrid Lam bda.
We observe th a t the  sim ulations on S 1, depicted in Figure 17, show the  histogram s well approxim ate the 
probability  densities.
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F ig u r e  18. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S 2 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by H ybrid-Lam bda.
In Figure 18 we observe th a t the  sim ulated and theoretical densities of S 2 do not m atch for any distance. 
The histogram s of the densities of d(a,b),  d(a,c),  and d(b,c) are sim ilar to  each other (as they  should 
be by exchangeability) bu t differ w ith the theoretical density some tim e after the lineages enter the same 
population. The histogram s of the densities of d(a, d) and d(b, d) are also sim ilar to  each other, as they  should 
be by exchangeability, bu t show a sim ilar problem  as soon as the lineages enter to  the same population. Note 
th a t the sam pled density  of d(c, d) shows the same problem  as the  densities of d(a, d) and d(b, d).
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F ig u r e  19. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S3 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by H ybrid-Lam bda.
For S3, we observe in Figure 19 a m ism atch between all histogram s and the theoretical densities. All pairs 
of lineages show a m ism atch when the lineages enter the  population  a t the  root. For S4, Figures 20 and 21 
show a m ism atch in the  sim ulated and theoretical densities for all pairs of taxa. However, for bo th  S3 and 

























F i g u r e  2 0 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
l i n e a g e s  f r o m  t h e  g e n e  t r e e s  s i m u l a t e d  b y  H y b r i d - L a m b d a .
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F ig u r e  21. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S4 together w ith the histogram  obtained from the distances of these 
lineages from the  gene trees sim ulated by H ybrid-Lam bda.
We conclude th a t H ybrid-Lam bda sim ulations fail to  correctly approxim ate the pairwise distance density 
w ith or w ithout changes in the population  size for species trees w ith more th an  3 taxa.
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4.1.3. SimPhy. Q uoting the authors of Sim Phy [MDOMP16]:
We present a fast and flexible software package SimPhy for the simulation of multiple gene 
fam ilies evolving under incomplete lineage sorting, gene duplication and loss, horizontal gene 
transfer all three potentially leading to species tree/gene tree discordance and gene conver­
sion. SimPhy implements a hierarchical phylogenetic model in which the evolution of species, 
locus, and gene trees is governed by global and local parameters (e.g., genome-wide, species- 
specific, locus-specific), that can be fixed or be sampled from a priori statistical distributions.
SimPhy also incorporates comprehensive models of substitution rate variation among lin­
eages (uncorrelated relaxed clocks) and the capability of simulating partitioned nucleotide, 
codon, and protein multilocus sequence alignments under a plethora of substitution models 
using the program INDELible.
The tests of Sim Phy (version 1.0.2) are analogous to  those w ith M esquite and H ybrid-Lam bda. Figures 22, 
23, and 24 show histogram s for S i, S2, and S 3 respectively. For S4 we split these histogram s in Figures 25 
and 26. We observe th a t for all four trees the histogram s closely m atch theoretical predictions.
F ig u r e  22. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S 1 together w ith the histogram  obtained from the distances of these 
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F i g u r e  2 3 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 2  t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
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F i g u r e  2 4 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 3 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
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F i g u r e  2 5 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4  t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
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Density of d(c,e)
F i g u r e  2 6 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
l i n e a g e s  f r o m  t h e  g e n e  t r e e s  s i m u l a t e d  b y  S im P h y .
36 H E C T O R  DANIEL BANOS CERVANTES
4.1.4. Phybase. Q uoting the  au thor of Phybase [LY10]:
Phybase is an R package for phylogenetic analysis using species trees. It provides functions 
to read, write, manipulate, simulate, estimate, summarize and plot species trees, which 
contain not only the topology and branch lengths but also population sizes.
For each species tree Sj, i G {1, 2, 3, 4}, we sim ulated gene trees under the coalescent process w ith Phybase 
(version 1.5) w ith one lineage sam pled from each species. If we double the  population  size in the  inpu t to  
Phybase, the histogram s appear as we expect. Clearly, the  sim ulator is not perform ing correctly for haploid 
organisms, for otherwise, we should not have to  double the  population sizes in P hybase’s input. Note also, 
th a t the sim ulator is not perform ing correctly for diploid organism s either, since otherwise, we would have 
to  halve the population  sizes in Phybase’s inpu t to  m atch theory  instead of doubling it. Therefore there is 
an error in Phybase. Figures 27, 28, and 29 show results for S i, S2, and S3 respectively. For S4 we split 
these histogram s in Figures 30 and 31. After the  adjustm ent in population  sizes, sim ilarly to  SimPhy, we 
observe th a t for all trees the  histogram s m atch the theoretical density.
F ig u r e  27. The pairwise distance probability  d istribu tion  of lineages sam pled from dif­
ferent species from S i together w ith the histogram  obtained from the distances of these 
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F i g u r e  2 8 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 2 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e















38 H E C T O R  DANIEL BANOS CERVANTES
F i g u r e  2 9 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 3  t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
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F i g u r e  3 0 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
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Density of d(c,e)
F i g u r e  3 1 .  T h e  p a i r w i s e  d i s t a n c e  p r o b a b i l i t y  d i s t r i b u t i o n  o f  l i n e a g e s  s a m p l e d  f r o m  d i f ­
f e r e n t  s p e c i e s  f r o m  S 4 t o g e t h e r  w i t h  t h e  h i s t o g r a m  o b t a i n e d  f r o m  t h e  d i s t a n c e s  o f  t h e s e
l i n e a g e s  f r o m  t h e  g e n e  t r e e s  s i m u l a t e d  b y  P h y b a s e  a f t e r  a d j u s t i n g  t h e  p o p u l a t i o n  s iz e s .
4.2. G e n e  t r e e  to p o lo g y  c o u n ts  t e s t .  For each of S 1, S2, and S3 we exam ined the set of all possible 
induced trip lets, and for S4 we choose 5 of the (3) =  20 induced triplets. For any given trip le t in Sj we 
com puted the  probability  of observing each of the  3 gene tree topologies as was done in Section 3.2. We 
m ultiplied these probabilities by 100,000 (the num ber of samples) to  produce the  expected topology count 
samples. We used the theoretical counts and the sim ulated counts to  perform  a x 2-test w ith two degrees of
freedom. For each gene trip le t we used th is test to  obtain  a p-value. These p-values are prelim inary results, 
since this procedure has to  be repeated  m ultiple tim es to  obtain  an “accurate” conclusion, bu t we left this 
for fu ture work. We also com puted the in ternal branch length 5, in coalescent units, for each induced trip let 
and com pared w ith an estim ate 5 obtained using the following equation
(8) 5 =  -  log ( ---------   )
w  6 \ 2  100, 000y
where -  is the  num ber of samples whose gene tree topologies do not m atch the induced trip le t topology. 
E quation  (8) is obtained by averaging the last two equations on (7) and solving for the  in ternal branch 
length in coalescent units. As done in the  previous section we doubled the populations sizes in the inpu t to  
Phybase to  ob tain  the  expected behavior in the topology counts.
Tables 1, 2, 3, and 4 show th is for the  trees S 1, S2, S3, and S4 respectively.
T a b le  1. Topology counts and in ternal branch estim ation for S 1.
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Source ( ( A , B ) , C ) ((A, C ) , B ) ( ( B , C  ) ,A) p-value Internal branch
Theoretical 59565 20218 20218 - 0.5
M esquite 59629 20031 20340 0.281 0.501
H ybrid-Lam bda 59511 20131 20357 0.501 0.498
Phybase (adjusted  pop. size) 59597 19999 20404 0.128 0.5008
Sim Phy 59490 20289 20221 0.841 0.498
In Table 1, where the results for S 1 are shown, we see th a t all sim ulators give p re tty  good estim ates of the  
topology counts and in ternal branch length in coalescent units. Also, we see no extrem e p -values.
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T a b le  2. Topology counts and in ternal branch estim ation for the trip lets of S2
Source ( (A ,B ) ,C  ) ((A, C  ) ,B ) ( (B ,C  ), A) p-value Internal branch
Theoretical 75474 12262 12262 - 1
M esquite 76009 11964 12027 0.0004 1.022
H ybrid-Lam bda 75385 12330 12284 0.770 0.996
Phybase (adjusted pop. size) 75224 12418 12358 0.168 0.989
Sim Phy 75497 12266 12237 0.970 1.0009
Source ((A ,B ) ,D ) ((A ,D ),B ) ((B ,D ) ,A ) p-value Internal branch
Theoretical 90977 4511 4511 - 2
M esquite 88090 5915 5995 1.609e-221 1.723
H ybrid-Lam bda 90834 4525 4640 0.138 1.984
Phybase (adjusted pop. size) 90968 4521 4511 0.988 1.998
Sim Phy 90915 4484 4601 0.367 1.993
Source ((A ,C  ) ,D ) ( (A ,D ) ,C  ) ((C ,D ),A ) p-value Internal branch
Theoretical 75474 12262 12262 - 1
M esquite 75815 12083 12102 0.044 1.013
H ybrid-Lam bda 75574 12271 12154 0.579 1.004
Phybase (adjusted pop. size) 75445 12353 12202 0.612 0.998
Sim Phy 75305 12362 12333 0.448 0.993
Source ( (B ,C  ) ,D ) ( (B ,D ) ,C  ) ( (C ,D ) ,B ) p-value Internal branch
Theoretical 75474 12262 12262 - 1
M esquite 78123 10981 10896 5.09e-83 1.114
H ybrid-Lam bda 75579 12163 12257 0.622 1.0042
Phybase (adjusted pop. size) 75323 12215 12462 0.153 0.993
Sim Phy 75256 12444 12300 0.178 0.991
I n  T a b l e  2 , w h e r e  t h e  r e s u l t s  f o r  S 2 a r e  s h o w n ,  w e  o b s e r v e  t h a t  M e s q u i t e  g iv e s  t h e  w o r s t  e s t i m a t e s  f o r  a l l
i n d u c e d  t r i p l e t s .  S p e c i a l l y ,  w e  s e e  t h a t  f o r  t h e  i n d u c e d  t r i p l e t s  ( ( a ,  b ) , d )  a n d  ( (b , c ) , d )  t h e  i n t e r n a l  b r a n c h
e s t i m a t e  a n d  p - v a l u e s  a r e  p r e t t y  e x t r e m e .  T h e  o t h e r  s i m u l a t o r s  p r o d u c e  g o o d  e s t i m a t e s .
T a ble  3. Topology counts and in ternal branch estim ation for the trip le ts of S3
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Source ( (A ,B ) ,C ) ((A ,C  ) ,B ) ( (B ,C  ),A ) p-value In ternal branch
Theoretical 59564 20217 20217 - 0.5
M esquite 66000 17556 16444 0 0.670
H ybrid-Lam bda 59564 20195 20240 0.975 0.499
Phybase (adjusted  pop. size) 59395 20256 20349 0.492 0.495
Sim Phy 59120 20397 20483 0.554 0.497
Source ((A ,B ),D ) ((A ,D ) ,B ) ((B ,D ),A ) p-value In ternal branch
Theoretical 70044 14977 14977 - 0.833
M esquite 74074 12844 13082 4.286e-99 0.944
H ybrid-Lam bda 70850 14683 14466 0.207 0.827
Phybase (adjusted  pop. size) 71072 14450 14478 0.940 0.834
Sim Phy 71079 14465 14456 0.934 0.835
Source ((A ,C  ) ,D ) ( (A ,D ) ,C ) ((C ,D ),A ) p-value In ternal branch
Theoretical 52231 23884 23884 - 0.33
M esquite 50533 24659 24808 6.16e-26 0.298
H ybrid-Lam bda 52230 23951 23818 0.830 0.3331
Phybase (adjusted  pop. size) 52419 23606 23975 0.118 0.337
Sim Phy 52141 23834 24025 0.579 0.331
Source ( (B ,C  ) ,D ) ( (B ,D ) ,C ) ((C ,D ) ,B ) p-value In ternal branch
Theoretical 52231 23884 23884 - 0.33
M esquite 51281 24389 24330 1.32e-08 0.313
H ybrid-Lam bda 52241 23960 23798 0.758 0.3335
Phybase (adjusted  pop. size) 52164 23825 24011 0.635 0.331
Sim Phy 52220 23889 23891 0.997 0.3330
In Table 3, where the results for S3 are shown, we observe th a t all sim ulators bu t M esquite behave properly. 
M esquite behaves poorly for each induced trip let. Similarly, Table 4, which follows, shows the  results for 
S4.
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T a b le  4. Topology counts and in ternal branch estim ation for some random ly chosen trip lets 
of S4
Source ( ( A ,B ) ,F  ) ( ( A , F  ) , B) ( ( B , F  ) ,A) p-value Internal branch
Theoretical 96078 1960 1960 - 2.833
M esquite 9ББ3Б 2275 2190 3.01e-18 2.703
H ybrid-Lam bda 96035 1959 2005 0.590 2.822
Phybase (adjusted  pop. size) 96055 1997 1948 0.677 2.827
Sim Phy 96034 1987 1979 0.749 2.821
Source ((A ,C ), F ) ( (A ,F  ) ,C  ) ( ( C , F  ) ,A) p-value Internal branch
Theoretical 89341 5329 5329 - 1.833
M esquite 86271 6866 6863 8.77e-216 1.58
H ybrid-Lam bda 89459 5336 5204 0.212 1.844
Phybase (adjusted  pop. size) 89392 5304 5304 0.876 1.838
Sim Phy 89403 5304 5293 0.817 1.839
Source ((B , C ), F ) ( ( B , F  ) , C  ) ( ( C , F  ) , B) p-value Internal branch
Theoretical 89341 5329 5329 - 1.833
M esquite 86583 6666 6751 1.88e-174 1.6
H ybrid-Lam bda 89298 5330 5371 0.838 1.829
Phybase (adjusted  pop. size) 89256 5314 5430 0.361 1.825
Sim Phy 89362 5320 5318 0.978 1.835
Source ( ( A , D ) , F  ) ( (A ,F  ) , D) ( ( D , F  ) ,A) p-value Internal branch
Theoretical 85124 7437 7437 - 1.5
M esquite 80531 9764 9705 0 1.23
H ybrid-Lam bda 85152 7540 7307 0.156 1.501
Phybase (adjusted  pop. size) 85181 7382 7434 0.800 1.503
Sim Phy 84902 7500 7598 0.100 1.485
Source ( ( C , D) , E ) ( ( C , E ) , D) ( ( D , E ) , C  ) p-value Internal branch
Theoretical 59564 20217 20217 - 0.5
M esquite 61541 19212 19247 6.25e-36 0.55
H ybrid-Lam bda 59631 20282 20086 0.567 0.501
Phybase (adjusted  pop. size) 59890 20075 20035 0.109 0.508
Sim Phy 59701 20256 20043 0.389 0.503
5. C o n clu sion  and  discussio n
W hen testing  th a t taxon  pairwise distance are accurately sim ulated, we observe th a t H ybrid-Lam bda and 
M esquite exhibit unexpected behavior. We believe H ybrid-Lam bda does not have a problem  w ith trees w ith 
3 species, b u t M esquite does. We conclude th a t M esquite shows bigger discrepancy th an  H ybrid-Lam bda 
by observing the plots of the tree S4. We also observe th a t Phybase, w ith the correction in population  size, 
and Sim Phy exhibit proper behavior.
For the  topology count test we see th a t M esquite exhibits unexpected behavior when the num ber of taxa  
is greater th an  4. All the o ther sim ulators (and adjusting P hybase’s input) seem to  m atch the theoretical
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prediction for all cases. This m eans th a t one could tru s t the topology of H ybrid-Lam bda even when m etric 
inform ation is incorrect.
More work could be done to  assure the validity of the sim ulations. For example, one could try  o ther types 
of trees w ith different num ber of species.
We could also test different sim ulators, including those th a t do not necessarily restric t the  population size per 
edge to  be constant. Finally, we could also extend th is work for networks, which are an analogous diagram  
of trees bu t adm it hybridization events. We would com pute the pairwise distance probability  d istribution  
for lineages in networks and test sim ulators th a t allow networks.
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7. A p pe n d ix
/ / / / / / / / / / / / / / / / / /  n e e d s :  a p e ,  r S y m P y  , p r y r  / / / / / / / / / / / / / / / / / /
# #  C o m p o s i t i o n  o f  t h e  f u n t i o n s  t o  o b t a i n  t h e  i n v e r s e s  o f  t h e  p o p u l a t i o n  f u n c t i o n s  
i n v e r s i  =  f u n c t i o n  ( x )  1 / x
i n v p o p f u n =  l i s t  ( )  
f o r  ( i  i n  1: l e n g t h  ( p o p f u n  ) )
{
i n v p o p f u n  [ [ i ] ] =  p r y r  : : c o m p o s e (  i n v e r s i  , p o p f u n [ [ i ] ] )
}
/ /  T h i s  f u n t i o n  r e t u r n s  t h e  e d g e s  a b o v e  t h e  MRCA o f  t a x o n  1 a n d  t a x o n  2 ( n o t e  t h a t  t h e  t a x a  c a n  be t h e  s a m e )
e d g e s a b o v e = f u n c t i o n ( t , t x 1 , t x 2 )
{
M R C A = m r c a (  t  , f u l l  =  FALSE)
MRCA=MRCA [ t x 1  , t x 2  ] 
a n c e s t r y  =MRCA
f l a g =  l e n g t h  ( w h i c h  ( t $  e d g e [ , 2 ]  = = M R C A ) )
p = 1
w h i l e  ( f l a g =  =  1)
{
a n c e s t r y  [p +  1] =  t $  e d g e  [ w h i c h  ( t $  e d g e  [ , 2 ] =  =  a n c e s t r y  [ p ]  )]
TESTIN G  M U LTISPEC IES C O A LESC EN T SIM ULATORS 47
f l a g = l e n g t h  ( t $  e d g e  [ w h i c h  ( t $  e d g e [ , 2 ]  =  =  a n c e s t r y  [p +  1 ] ) ] )
p = p  +  1
}
e d g e . a n c e s t r y = 1
f o r  ( i i n  1:  l e n g t h  ( a n c e s t r y ) )
{
i f  ( l e n g t h  ( w h i c h  ( t $  e d g e [ , 2 ] = = a n c e s t r y  [ i ] ) )  =  =  1) 
e d g e .  a n c e s t r y  [ i ]  =  w h i c h  ( t $  e d g e  [ ,2] =  =  a n c e s t r y  [ i ] )
e l s e { e d g e .  a n c e s t r y  [ i ]  =  n r o w  ( t $  e d g e )  + 1 }
}
r e t u r n ( e d g e . a n c e s t r y )
}
# #  T h i s  f u n c t i o n  g i v e s  t h e  d e n s i t y  o f  p a i r w i s e  d i s t a n c e s  
p a i r w i s e d i s t =  f u n c t i o n  ( t x 1  , t x 2  , p o p f u n  , l , t  )
{
i f  ( t x  1 = = t  x 2  ) { w a r n i n g  ( ’ T  a x o n  -  m u s t  _ b e  _ d i f f e r e n t  ’ ) }
e d g s = t $ e d g e . l e n g t h
a n c e s t r y = e d g e s a b o v e ( t , t x 1 , t x 2 )
e a 1 = e d g e s a b o v e ( t , t x 1 , t x 1 )
e a 2 = e d g e s a b o v e ( t , t x 2 , t x 2 )
1 1 = e a 1  [ ! e a 1  % i n %  a n c e s t r y  ] 
t  2 = e a 2  [ ! e a 2  % i n %  a n c e s t r y  ]
d i s j o i n t  = s u m  ( t $  e d g e  . l e n g t h  [ t 1  ] , t $  e d g e  . l e n g t h  [ t 2  ] ) 
i f  ( l  < d i s j o i n t )
{
r e t u r n ( 0 )
}
n o c o a  l = 1
i f  ( l e n g t h  ( a n c e s t r y )  =  =  1)
{
r e t u r n ( 1 / ( 2  * p o p f u n  [[ a n c e s t r y  [ 1 ] ] ] ( l ) ) * e x p ( - 1 / 2 *  i n t e g r a t e ( i n v p o p f u n  [ [ a n c e s t r y  [ 1 ] ] ]  , 0  , l  — d i s j o i n t ) $ v a l u e ) )
}
f o r  ( i  i n  1 : (  l e n g t h  ( a n c e s t r y )  — 1) )
{
i f  ( l  < d i s j o i n t + 2 *  e d g s  [ a n c e s t r y  [ i ] ] )
{
r e t u r n  ( 1 / ( 2  * p o p f u n  [[  a n c e s t r y  [ i ] ] ]  ( l ) ) * e x p ( — 1 / 2 *  i n t e g r a t e ( i n v p o p f u n  [ [ a n c e s t r y  [ i ] ] ] , 0 , l — d i s j o i n t  ) $  v a l u e ) * n o c o a l )
}
d i s j o i n t  =  d i s j o i n t + 2 *  e d g s  [ a n c e s t r y  [ i ] ]
n o c o a l = n o c o a l  * e x p  ( — i n t e g r a t e  ( i n v p o p f u n  [ [ a n c e s t r y  [ i ]] ] , 0  , e d g s  [ a n c e s t r y  [ i ] ] )  $ v a l u e )  
i f  ( i =  =  ( l e n g t h  ( a n c e s t r y  ) — 1) )
{
r e t u r n  ( 1 /  (2 * p o p f u n  [ [ a n c e s t r y  [ i + 1 ] ] ]  ( l ) )  * e x p  ( — 1 /  2*  i n t e g r a t e  ( i n v p o p f u n  [ [ a n c e s t r y  [ i + 1 ] ] ]  , 0  , l — d i s j o i n t  ) $ v a l u e )  * n o c o a l )
}
}
}
